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Superconductivity and the quantum Hall effect are considered to be two cornerstones of condensed matter
physics. The realization of hybrid structures where these two effects coexist has recently become an active field
of research. In this work, we study a Josephson junction where a central region in the quantum Hall regime is
proximitized with superconductors that can be driven to a topological phase with an external Zeeman field. In this
regime, the Majorana modes that emerge at the ends of each superconducting lead couple to the chiral quantum
Hall edge states. This produces distinguishable features in the Andreev levels and Fraunhofer patterns that could
help in detecting not only the topological phase transition but also the spin degree of freedom of these exotic
quasiparticles. The current phase relation and the spectral properties of the junction throughout the topological
transition are fully described by a numerical tight-binding calculation. In pursuance of the understanding of
these results, we develop a low-energy spinful model that captures the main features of the numerical transport
simulations in the topological phase.
DOI: 10.1103/PhysRevResearch.2.033218
I. INTRODUCTION
About 30 years ago, theoretical physicists asked them-
selves how the Josephson effect would occur between s-wave
superconductors coupled to the edge states of a sample in the
quantum Hall regime [1]. What might have been seen as a bold
question has now become a concrete and tangible possibility
[2]. Experimental groups have recently managed to make
sufficiently transparent contacts between superconductors and
quantum Hall states [3–6], not only enabling the measurement
of a supercurrent [4,7,8], but also establishing the existence of
the so called chiral Andreev edge state [9], a one-way hybrid
electron-hole mode that propagates along these interfaces
[10]. The electron-hole cyclotron orbits in the semiclassical
regime were also recently imaged in a focusing experiment
[11].
The main physical consequence of the presence of chiral
quantum Hall edge states bridging the superconductors in a
Josephson junction is that backscattering is ruled out and so
conventional Andreev retroreflection is not allowed [10]. The
charge transfer mechanism that produces a supercurrent must
then involve the entire perimeter of the Hall bar [1,12–14],
yielding an unusual critical supercurrent Jc as a function of the
flux threading the sample. In fact, the current-phase relation is
expected to obey a normal flux quantum 0 = hc/e periodic-
ity instead of the conventional one with the superconducting
quantum 0/2.
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In this article, we pose the question of what would hap-
pen if the s-wave superconductors were to be replaced by
topological ones. In particular, we study the transport and
spectral properties of a quantum Hall based junction with one-
dimensional superconducting leads that can be driven from
a trivial s-wave phase to a p-wave topological phase, where
Majorana quasiparticles emerge at the ends of each terminal.
We find that this topological phase transition can be detected
by analyzing the behavior of the supercurrent in the device,
which is entirely carried by the chiral edge channels of the
Hall sample. Our main claim is that the Fraunhofer patterns,
which describe the modulations of the critical supercurrent as
a function of the magnetic field Bz through the quantum Hall
region, Jc(Bz ), not only reveal the presence of the Majorana
fermions, but they also bear information on the spin polariza-
tion [15] of these topologically protected end modes.
The work is organized as follows. In Sec. II we introduce
the tight-binding model of the Josephson junction. We cal-
culate the supercurrent as a function of the phase difference
between the superconducting leads and the critical current
profiles as the magnetic flux through the junction is varied
in amounts of the order of the flux quantum. We focus on
the quantum regime, where only the first Landau level is
occupied, and we analyze how these Fraunhofer interference
patterns evolve as the leads are driven from the trivial to the
topological phase. The spectral properties of the device are
also presented, revealing how the Andreev level spectrum
is correlated with the transport simulations. In Sec. III we
introduce a low-energy spinful model that allows us to re-
produce the main features of the full numerical model. We
also do a detailed analysis of the limiting case in which the
wires behave as spinless p-wave Kitaev chains. In Sec. IV we
briefly discuss how the transport results are modified when
there are two Landau levels occupied in the quantum Hall
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FIG. 1. Tight-binding scheme of the Josephson junction. Two
nanowires with Rashba spin-orbit coupling proximitized with a BCS
superconductor are subject to a Zeeman field in the x̂ direction. The
wires are coupled to a square lattice in the quantum Hall regime with
a hopping amplitude λ.
region. Finally, we summarize our main results and state some
concluding remarks in Sec. V.
II. TIGHT-BINDING MODEL OF THE JOSEPHSON
JUNCTION
We consider the system schematically shown in Fig. 1.
The quantum Hall (QH) central region is modeled with a
square lattice threaded by a net geometrical flux g = BzAg,
where Bz is the component of the applied magnetic field
perpendicular to the lattice, and Ag is the geometric area
of the latter. We use the Bogoliubov–de Gennes basis and
describe the fields at each site r as ̂r = (cr↑, cr↓, c†r↓,−c†r↑)T,
where c†rσ creates an electron with spin σ at site r = x x̂ + y ŷ
of the QH region. Taking the lattice spacing to be a0, the





[̂†r H0̂r + ̂†r Vr,r+a0 x̂̂r+a0 x̂
+ ̂†r Vr,r+a0 ŷ̂r+a0 ŷ + H.c.], (1)
where
H0 = (4tQH − μ − Vg) τz ⊗ σ0,
Vr,r+a0 ŷ = −tQH τz ⊗ σ0,





The hopping amplitude between neighboring sites is given
by tQH, the chemical potential by μ, and Vg is a gate voltage
that tunes the filling factor in the QH region. The Pauli
matrices τa (σa) and the identity τ0 (σ0) act in particle-hole
(spin) space. Bz has been included via the Peierls substi-
tution, with the vector potential A = −Bzy x̂ in the Landau
gauge and the y coordinate taken to be zero exactly at the
middle of the sample (where the superconducting leads are
attached). The Zeeman term in the QH region is assumed to be
negligible.
The superconducting leads are modeled as nanowires with
Rashba spin-orbit coupling subject to an in-plane Zeeman
field Bx and in proximity with a BCS superconductor of gap
. As originally discussed in Refs. [16] and [17], for Bx larger
than the critical field Bc =
√
2 + μ2, with μ the chemical
potential of the wires, topologically protected zero-energy
Majorana modes arise at the ends of each lead. The model is























Hν = (2tsc − μ) τz ⊗ σ0 − Bx τ0 ⊗ σx + τx ⊗ σ0,
Tν = −tsc τz ⊗ σ0 + iα τz ⊗ σz. (4)
Here ν = L, R refers to the left and right leads, and





j↓,−cν†j↑)T. The hopping matrix element of the
wires is given by tsc, and α represents the spin-orbit coupling.
For the purposes of this work, the number of sites N is taken
sufficiently large so the Majorana modes at opposite edges of
each wire have negligible overlap. We can label the fields that
will ultimately be coupled to the Hall bar by χ̂LN−1 ≡ χ̂L and
χ̂R0 ≡ χ̂R. The tunneling Hamiltonian between the leads and





LVL,rL ̂rL + χ̂†RVR,rR̂rR + H.c.
]
, (5)
where we have incorporated the junction’s phase difference
ϕ in the hopping to the right superconductor, and we defined
VL,rL = −λ τz ⊗ σ0 and VR,rR = −λ ei
ϕ
2 τz⊗σ0τz ⊗ σ0. Here the
coordinates rL and rR correspond to the sites at the edge
of the Hall sample that are coupled to the left and right
leads, respectively. In our numerical simulations, we choose
parameters such that the hoppings tsc = tQH = λ = 1, μ = 0,
 = 0.3, and α = 0.1. A small square lattice of Ny = 41
sites wide and Nx = 65 sites long is used, so that the total
geometrical area of the sample is Ag = (Nx − 1)(Ny − 1)a20.
A. Supercurrent and Fraunhofer patterns
The current-phase relation of a Josephson junction is in-
trinsically endowed with valuable information on the mech-
anisms that build up the supercurrent. During the past few
years, it has been particularly studied to disclose the presence
of Majoranas in junctions with topological superconductors
[16–20]. The critical current, defined as the maximum current
in the current-phase relation, also provides relevant details on
the physical processes that occur in the junction. In fact, its
behavior when threading the region between superconductors
with an out-of-plane magnetic field Bz has been widely used
as a tool to understand the nature of the supercurrent flow.
When varying Bz, the magnetic flux threading the sample
imposes a winding of the superconducting phase that results in
modulations of the critical current, known as the Fraunhofer
interference patterns.
For the simplest case of a rectangular junction of area
Ag, with a spatially homogeneous supercurrent density [21],
the critical current is theoretically predicted to be given by
Jc(Bz ) = Jc(0)| sin(2πg/0)/(2πg/0)| [22]. Deviations
from this result are known to occur in devices with inhomo-
geneities, such as nonuniform magnetic susceptibilities [23],
or when the magnetic-field amplitude is enough to lead the
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system to a semiclassical regime, where electrons and holes
deflect their paths in cyclotron orbits extending across the
junction [24]. Within this scenario, irregular critical current
profiles bearing aperiodic modulations or significantly en-
hanced or suppressed lobes are expected to occur. Under those
circumstances, the transport properties are strongly dependent
on the junction’s geometry. Conversely, when the supercurrent
is carried by edge states, a more regular and periodic pattern
is expected. This has proven to be the case in quantum
Hall [13] and topological-insulator-based junctions [25,26],
or even when trivial edge channels bridge the superconductors
[27].
In what follows, we will then focus on the extreme quan-
tum limit of our QH junction, where only the first Landau level
is occupied. Within the range of parameters we work with, a
typical flux per plaquette of the order of Bza20/0  0.08 and
a gate voltage Vg = 1 are enough to satisfy this last condition.
The magnetic length is such that lB  1.4 a0 so that the edge
states are sufficiently localized around the perimeter of the
sample.
The zero-temperature supercurrent flowing from the left
superconductor to the Hall bar in equilibrium is obtained as






τz ⊗ σ0 VL,rL G<rL,L(ω)
]
, (6)
where G<rL,L(ω) is the minor Green’s function between the left
coupled site of the Hall bar and the corresponding lead. Its
elements in the Bogoliubov–de Gennes basis are defined as
[G<rL,L(ω)]αβ = i
∫
dt eiωt 〈χ̂†Lβ (0)̂rLα (t )〉 [28], and, in equi-
librium, it satisfies a simple relation with the retarded (r) and
advanced (a) Green’s functions





with f (ω) the Fermi-Dirac distribution, which is taken here
to be a Heaviside function at zero temperature, f (ω) =
(−ω). One should bear in mind that, within this for-
malism, the supercurrent is always 2π -periodic on account
of this thermodynamic average without parity-conserving
constraints [29].
In Fig. 2 we show the current-phase relations in the quan-
tum Hall regime calculated for different Zeeman fields (Bx)
along the superconducting wires. The total geometrical flux in
the Hall sample is chosen to be g = 0.080 Aga20 . Notice that
our choice for the vector potential gauge and the symmetrical
positioning of the superconducting leads guarantees the ab-
sence of a supercurrent at zero phase difference. An increment
of the critical current in around an order of magnitude as the
leads are driven throughout the topological phase transition
is apparent from the figure. This phenomenon stems from an
enhancement of the Andreev process when Majorana zero-
energy quasiparticles emerge at the end sites of each lead,
as will be explained in Sec. III. The changes in the current-
phase relation profiles can be better visualized in the inset of
Fig. 2, where each current has been normalized to its critical
value. The maximum value of the curves shifts from being at
ϕ = π/2 in the trivial phase to being closer to ϕ = π in the
topological phase. This effect is expected in the presence of
Majoranas because the Andreev level spectrum becomes gap-
less. In particular, a topologically protected crossing between
FIG. 2. Current-phase relations for different magnetic fields
along the nanowires. The total geometrical flux threading the sample
is given by g = 0.080 Aga20 . The color scale indicates the magnitude
of the Zeeman field along the wires normalized to the critical
field Bx/Bc. The inset shows the same curves normalized to their
maximum value.
these bound states occurs when the phase difference between
the superconducting nanowires is ϕ = π , which explains the
aforementioned shift in the maximum critical current.
Figure 3 shows the numerically obtained Fraunhofer pat-
terns, calculated as
Jc(δBz ) = max
ϕ
|〈JL(ϕ,g + δBzAg)〉|, (8)
where we change the magnetic field threading the central
region in δBz. Each curve has a different magnitude of the
Zeeman field Bx, represented by a color scale normalized to
the critical field Bc. To properly compare the flux variation
δ with the flux quantum, the former is calculated as δ =
δBzAph, where Aph = [(Nx − 1)a0 − 2lB][(Ny − 1)a0 − 2lB] is
the physical area enclosed by the edge state, which has a
typical size of lB  1.4a0.
At Bx = 0 we obtain the already known characteristic
Fraunhofer profile of a supercurrent carried by a chiral edge
state [1,13] with a periodicity given by the normal flux quan-
tum 0. The presence of peaks or resonances can be traced
back to the level discretization of the chiral edge state due to
its confinement along the perimeter of the Hall bar. Each time
one of these discrete levels becomes resonant with the Fermi
level—a condition that is naturally periodic with 0—the
supercurrent becomes larger in magnitude. As Bx gets closer
to the critical value, these resonances are spin-split: since the
effective superconducting gap is reduced, the bound Andreev
levels penetrate deeper into the leads, and hence the effect of
the Zeeman coupling becomes stronger.
Quite remarkably, the Fraunhofer patterns change drasti-
cally in the topological phase, i.e., for fields Bx > Bc. Even
though the periodicity in the oscillations remains the same,
the resonances have now become dips in the critical cur-
rent profiles. These dips have an additional field-dependent
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FIG. 3. Fraunhofer patterns: We show the critical current profiles
as a function of the variations of total flux enclosed by the edge state
δ relative to an initial flux g that sets the system safely into the
quantum Hall regime. The color scale indicates the magnitude of the
Zeeman field along the wires normalized to the critical field, Bx/Bc.
Dashed lines indicate the Fraunhofer pattern at the topological phase
transition Bx = Bc. The curves are shifted for clarity.
magnitude: they tend to smoothly disappear as Bx is further
increased. As we shall explain in Sec. III, this behavior can be
understood as a clear signature of the presence of Majorana
fermions at the ends of each lead. Interestingly, the spin
polarization of these topologically protected quasiparticles is
found to be responsible for the above-mentioned magnetic-
field dependence of the Fraunhofer profiles.
We also note in passing the absence of nodes (zeros) in the
critical current patterns both in the topological and the trivial
phase, as opposed to the Fraunhofer oscillations in a con-
ventional Josephson junction [22]. This effect has also been
pointed out to occur in a quantum spin Hall based junction
hosting one-dimensional topological superconductivity [30].
B. Andreev bound states
To understand the transport properties of the junction, it
is instructive to take a closer look at the Andreev bound
states, which generally carry most of the supercurrent between
superconductors. To do so, we calculate the spectral density at
the left edge of the central region as










where Grrr is the retarded Green’s function of the field ̂r. This
magnitude faithfully reveals the Andreev bound-state disper-
sion relation as a function of the phase difference between the
superconducting leads. In Figs. 4 and 5 we show the behavior
of AL(ω, ϕ) when the nanowires are in the topological regime
(Bx = 2Bc) and in the trivial regime (Bx = 0), respectively.
FIG. 4. The upper panels show the spectral density AL (ω, ϕ) in
the quantum Hall regime. The color scale goes from white (zero) to
black (higher value) in arbitrary units. Each figure is calculated for
a different magnetic flux threading the central region, indicated by a
corresponding symbol in the Fraunhofer pattern shown in the lower
panel. The nanowires are in the topological regime with a magnetic
field Bx = 2Bc.
FIG. 5. Same as the previous figure but with a magnetic field
Bx = 0 so that the nanowires are in the trivial regime.
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The parameters of the quantum Hall region are the ones used
for the transport simulations in the previous section. We have
chosen three significant fluxes in the Fraunhofer patterns,
shown in the lower panels, to calculate the corresponding
subgap spectral densities.
Andreev bound states in this junction arise near the ener-
gies where discrete levels are formed due to the confinement
of the chiral edge state in the perimeter of the isolated Hall
bar, bearing a resemblance to the ones obtained in the case of
a one-dimensional channel between superconductors. In fact,
they come in sets that are determined by the level spacing
δε = 2π h̄vd/P, with P the perimeter of the square lattice
and vd the drift velocity of the edge state. For our chosen
parameters, δε  0.1.
Some fingerprints in the spectral densities are clearly cor-
related with the magnetic flux dependence of the Fraunhofer
patterns. In the topological case (Fig. 4), when a dip occurs
in the critical current profile, a series of low-energy levels
become nondispersive and degenerate in pairs. In particular,
two levels stay pinned at the Fermi level. As we shall explain
in Sec. III, this effect originates when four degenerate levels
(taking into account the electronic and hole sectors as well as
their spins) are coupled to the zero-energy Majorana modes.
In this situation, it is always possible to find two linear
combinations of these states that effectively decouple from
the leads. When the flux is detuned from this particular point,
the levels become dispersive, naturally translating into a larger
critical current. At phase difference ϕ = π a topologically
protected crossing occurs between these levels, in a similar
fashion to the case of a tunnel junction between two Majorana
fermions. The supercurrent becomes maximum when the flux
is chosen to be in between two dips.
In the trivial case at Bx = 0 (Fig. 5) all Andreev levels
are spin-degenerate. A resonance takes place in the critical
current profile when the electron and hole states become de-
generate at the Fermi level. The superconducting correlations
couple these levels, so they become dispersive as a function
of the phase difference and eventually cross at ϕ = π , where
the current becomes maximum. As the flux gets detuned from
this value, this crossing becomes an anticrossing and the
Andreev bound states tend to be less dispersive, causing the
value of the current to diminish.
III. LOW-ENERGY SPINFUL MODEL
In this section, we introduce a low-energy spinful model,
schematically depicted in Fig. 6, to understand the results in
the topological regime (Bx > Bc). Two Majorana fermions,
represented by the operators γ̂L and γ̂R, are coupled with a
hopping amplitude λ̄ to a chiral one-dimensional channel with







dα ψ̂†σ (α)(−i∂α − /0)ψ̂σ (α), (10)
where we have used angular coordinates to write the vector
potential along the radius R of the ring as A = BzR2 α̂. The
net magnetic flux through the ring is  = BzπR2. The chiral
fields are normalized when integrated along the perimeter of
(a)
(b)
FIG. 6. (a) Low-energy model of the Josephson junction: Two
Majorana end modes are coupled with a chiral field with velocity vd
that moves on a ring of radius R threaded by an external flux . The
arrows represent the spin of the quasiparticles at the end sites of each
wire. The canting angle θ is defined in the main text. (b) Calculated
spin canting angle as a function of the Zeeman field along the
wire. We show results within the topological regime Bx > Bc. The
parameters of the superconducting nanowire are specified in the main
text.
the ring. The tunneling Hamiltonian between the Majorana
fermions and the one-dimensional channel can be written as
ĤT = λ̄
∫
dα δ(α) γ̂R (e
iϕ/2ψ̂1(α) − e−iϕ/2ψ̂†1 (α))
+ λ̄
∫
dα δ(α − π ) γ̂L ( ˆ̃ψ1(α) − ˆ̃ψ
†
1(α)), (11)
where the phase difference ϕ between the superconducting
leads has been taken fully into account only on the hopping
to the right Majorana fermion, and we have defined the fields
ψ̂1(α) = cos(θ/2) ψ̂↑(α) − i sin(θ/2) ψ̂↓(α),
ψ̂2(α) = −i sin(θ/2) ψ̂↑(α) + cos(θ/2) ψ̂↓(α),
ˆ̃
ψ1(α) = i cos(θ/2) ψ̂↑(α) − sin(θ/2) ψ̂↓(α),
ˆ̃
ψ2(α) = sin(θ/2) ψ̂↑(α) − i cos(θ/2) ψ̂↓(α).
(12)
Here, the spin quantization axis (↑,↓) has been defined
parallel to that of the magnetic field along the wires (x̂). We
have chosen this particular form of the coupling so as to pre-
serve the spin degree of freedom in the tunneling Hamiltonian.
Since the spin-orbit effective field of the original wires is in
the ẑ direction [see Eq. (3)], the spin polarization of the left
and right Majorana fermions lies on the x-y plane [15]. In
particular, both quasiparticles have the same spin projection
along the direction of the Zeeman field but bare a different
sign along the ŷ direction. This behavior is captured by the
canting angle θ . The ψ̂2(α) and
ˆ̃
ψ2(α) fields do not appear in
the tunneling Hamiltonian since their spins are antiparallel to
the right and left Majorana fermions, respectively.
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We can gain a better insight by computing θ for the
parameters used in our tight-binding numerical simulations.
Specifically,






〈Ŝ j (ω)〉 = − h̄
2π
Im Tr







with Grχ̂L the retarded Green’s function of the end site of the
left lead. We plot this angle in Fig. 6(b) as a function of
the Zeeman field Bx. For high fields, the spins tend to be
completely aligned along the x̂ direction, ultimately arriving
at the well-known Kitaev “spinless” limit [31].
A. Andreev bound states
Our first purpose is to find the bound states of the model
defined by Eqs. (10) and (11). A natural way of integrating
out the Majorana fermions from the tunneling Hamiltonian is
to solve the scattering problem of the chiral fermions at each
terminal. The incoming electronic/hole modes with energy ω
at the right lead (α = 0−) are related to the outgoing ones
(α = 0+) through the transfer matrix M0(ω, ϕ),
̂(0+) = M0(ω, ϕ)̂(0−), (15)











2iλ̄2+h̄Rvd ω 0 0
0 0 1 0
0 0 0 1
⎞
⎟⎟⎟⎟⎠ . (16)
The peculiarity of this type of scattering is that if a zero-
energy electron (hole) with a spin parallel to that of ψ̂1 scatters
with the Majorana mode, a perfect Andreev reflection takes
place and a hole (electron) with the same spin as the incoming
particle goes through. This phenomenon is known as the
selective equal spin Andreev reflection [33].
The transfer matrix in the left lead Mπ (ω) can be written
as a rotation of the one obtained for the right lead,
Mπ (ω) = C†(θ )M0(ω, 0)C(θ ), (17)




i cos(θ ) 0 − sin(θ ) 0
0 −i cos(θ ) 0 − sin(θ )
sin(θ ) 0 −i cos(θ ) 0
















T . A straightforward piecewise
integration of the Schrödinger equation defined by Eq. (10),
with the boundary conditions (15) and (17), shows that an
eigenstate at α = 0+ with energy ω must then satisfy
̂(0+) = (ω)̂(0+), (19)
FIG. 7. Solid red lines are the analytical solutions obtained from
Eq. (21) as a function of the phase difference ϕ between supercon-
ductors. In all figures R = 1, λ̄ = 0.02, θ = 0.15π , and δε = 0.03.
In (a) there is an integer number of flux quantum threading the ring,
in (b)  = 0.130, and in (c)  = 0.50. The color maps are the
spectral densities AL (ω, ϕ) for Bx = 2Bc and the same fluxes of
Fig. 4.
with
(ω) = ei2πω̃M0(ω, ϕ)eiπ̃ σ0⊗τz Mπ (ω)eiπ̃ σ0⊗τz . (20)
Here ω̃ = ω/δε, δε = h̄vd/R is the level spacing of the chiral
modes in the ring, and ̃ = /0. The eigenenergies of the
system are then given by the equation
det[1 − (ω)] = 0. (21)
When λ̄ = 0, it is trivial to obtain the electronic (−) and hole
(+) spin-degenerate solutions of the uncoupled ring ω±n =
δε (n ± /0), with n ∈ Z. Note that with our choice of zero
chemical potential in Eq. (10) there is always an electronic and
a hole mode at the Fermi energy whenever there is an integer
number of flux quanta threading the system.
Figure 7 shows the solutions of Eq. (21) as a function
of the phase difference ϕ [solid (red) lines]. Only positive
eigenenergies are shown since the spectrum is electron-hole-
symmetric. In all figures the radius of the ring is R = 1, the
hopping amplitude λ̄ = 0.02, the level spacing δε = 0.03, and
the canting angle θ = 0.15π . These values where chosen so
as to compare the results with the ones analyzed in Fig. 4 of
Sec. II, with a Zeeman field Bx = 2Bc, while the canting angle
has been extracted from Fig. 6(b). In Fig. 7(a) the flux is an
integer number of 0, in (b)  = 0.13 0, and in (c)  =
0.5 0. Clearly, there is a good agreement between the theory
and the tight-binding numerical simulations at low energies.
At higher energies, the model fails to describe the full spectral
density because of two main reasons: (i) the assumption of
an unrestricted linear spectrum for the edge state with a
constant slope vd is no longer valid; and (ii) the fact that the
continuum spectrum has not been taken into account. Yet, as
we shall show below, the low-energy description is enough
to qualitatively capture the main features of the complete
transport simulations.
When the flux threading the ring is an integer number
of flux quanta ̃ = N , the electronic and hole levels of the
uncoupled system become degenerate at energies nδε since
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ω+n−N = ω−n+N . Taking into account the spin degree of free-
dom, this results in four degenerate states (for each n) coupled
to two zero-energy Majorana modes. This being the case,
there are always two solutions that stay pinned at nδε [34],
which are merely the series of flat bands in Fig. 7(a). The two
eigenstates at α = 0 corresponding to the ω = nδε flat bands
can be obtained from Eq. (19) as




1 + eiϕ , i
tan(θ )
1 + e−iϕ , 0, 1
)
,
b(0) = N (θ, ϕ)
(
−i tan(θ )
1 + eiϕ ,−i
tan(θ )
1 + e−iϕ , 1, 0
)
, (22)
where the normalization factor is given by N (θ, ϕ) = [1 +
sec2(ϕ/2) tan2(θ )/2]−
1
2 . One can check that these states are
eigenstates of both M0 and Mπ , and are therefore effectively
decoupled from both Majorana fermions [35] and unable to
carry supercurrent. This is consistent with the behavior of
the dips in the Fraunhofer pattern discussed in Fig. 4. As a
matter of fact, the decoupled solutions are the ones that cease
to contribute to the supercurrent when ̃ is precisely tuned,
resulting in a minimum in the critical current. Note that, as the
canting angle θ decreases, the states in Eq. (22) tend to have
a polarized spin parallel to that of the ̂2 fields. When this
happens, these solutions are always decoupled for any flux, so
the dips disappear.
A similar scenario takes place when a half-integer number
of flux quanta ̃ = (N + 1/2) is threading the ring, since
ω+n−N = ω−n+N+1. However, in this case, the nondispersive
solutions will be at energies δε(n + 12 ), so that there is no flat
band pinned at the Fermi energy—the closest to the Fermi
level are at ±δε/2. Yet, as there is a topologically protected
crossing at ϕ = π , there must be another pair of Andreev
levels in between them, which are maximally dispersive in
that situation. This qualitative picture explains the maximum
of Jc.
B. Josephson supercurrent
To obtain the supercurrent, we first make a gauge transfor-
mation so that the phase difference between the topological
superconducting leads is taken into account by adding to
Eq. (10) the following contribution [14]:








(σ0 + σz ) ⊗ τz
)
̂, (23)
with the vector potential a(α, ϕ) = sgn(α − π ) ϕ/2π . Notice
that the phase-dependent vector potential affects only the ψ̂1
fields, consistent with our initial choice. The supercurrent is
then given by Jsc = 2eh̄ 〈 ∂Ĥϕ∂ϕ 〉 and can be expressed as










dα Tr[(σ0 + σz ) ⊗ τz G(α, α, iωm)]
}
, (24)
where G(α, α, iωm) is the Matsubara Green’s function of the
chiral states, ωm = (2m + 1)πkBT is the fermionic Matsubara
frequency, and T is the temperature. After the explicit evalua-





{2̃λ̄4 cos2(θ ) sin(ϕ)[cos(2π̃) − cosh(2πω̃m)]} × {̃λ̄
4
[cos(2θ ) − 2 cos2(θ ) cos(2π̃) cos(ϕ)]
+ (̃λ̄4 + π2ω̃2m) cosh(4πω̃m) − 4π˜̄λ2ω̃m cos(2π̃) sinh(2πω̃m) + π2ω̃2m[cos(4π̃) + 2]
+ 2 cosh(2πω̃m)[̃λ̄
4
cos2(θ )(cos(ϕ) − cos(2π̃)) + 2π˜̄λ2ω̃m sinh(2πω̃m) − 2π2ω̃2m cos(2π̃)]}−1, (25)
where ω̃m = ωm/δε and ˜̄λ = √2π λ̄/h̄vd . One can check that
the kernel of the sum, and therefore the supercurrent, vanishes
identically when θ = π2 . This trivial case corresponds to the
spins of the left and right Majorana being completely antipar-
allel.
Figure 8 shows the Fraunhofer patterns of this low-energy
model for different canting angles. These were numerically
obtained by maximizing Eq. (25) as a function of ϕ at zero
temperature. We have chosen to normalize the critical current
with the same units as in the tight-binding calculations, mainly
2e/h with  = 0.3, so as to properly compare the orders
of magnitude. The qualitative behavior is very similar to that
obtained in the full tight-binding model of the junction: a
series of dips arises when the electronic and hole modes
become resonant at the Fermi level, an effect that within
our model occurs at multiples of 0. As the canting angle
decreases (which corresponds to an increase of Bx in the
leads), these dips tend to diminish their value with respect
to the mean value of the critical current. In the Kitaev
limit (θ = 0), these features completely disappear and the
Fraunhofer profile turns into a smooth function of the flux
variations.
Obtaining closed analytical expressions for the current-
phase relation [Eq. (25)] can be quite cumbersome. Nonethe-
less, for the particular cases where the flux threading the
ring is an integer (̃ ∈ Z) or half an integer number (̃ ∈
Z + 1/2) of flux quanta, some simplifications can be made.
Even more, at zero temperature, the largest contribution to the
supercurrent comes from the low frequency range and Eq. (25)
can be roughly approximated by an integral of a Lorentzian
















cos(θ ) sin(ϕ/2)sgn(π − ϕ),
(26)
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FIG. 8. Fraunhofer profiles obtained by maximizing Eq. (25) as
a function of the phase difference. Each curve is calculated for a
different canting angle θ . The parameters are such that δε = 0.03,
R = 1, and λ̄ = 0.02.
where JNsc (ϕ) and J
N+ 12
sc (ϕ) are the approximated current-phase
relations for an integer or half-integer number of flux quanta
in the device, respectively. Note the sawtooth-like dependence
of the supercurrent as a function of the phase difference ϕ
when there is a half-integer number of flux quanta thread-
ing the ring, capturing the topologically protected crossing
between Andreev bound states at ϕ = π [see Fig. 7(c)]. On
the contrary, when ̃ = N this functional form is smoothed
by the canting angle θ . This is due to the presence of a low-
energy gap between the ω = 0 flat band and the first dispersive
Andreev bound state [see Fig. 7(a)], which is essentially
proportional to θδε/π when θ → 0.
The critical current for each of these scenarios is found to
be





(1 − sin θ ),
J
N+ 12







Figure 9 shows the numerically obtained behavior of the
critical current at zero temperature when ̃ = 1 and 1/2 as a
function of the canting angle θ . The corresponding approxi-
FIG. 9. Critical currents for ̃ = 1 and 1/2 as a function of the
canting angle θ . Dashed lines are the approximate expressions for
these corresponding magnitudes: JNc (θ ) and J
N+ 12
sc (θ ) [see Eq. (27)].
The parameters are the same as the ones in Fig. 7.
mated analytical expressions given by Eq. (27) are shown in
dashed lines. Even though these are not completely accurate,
they are able to describe the general tendency: deep in the
topological regime, when approaching θ = 0, the difference
between Jc(̃ = 1/2) and Jc(̃ = 1) decreases, making the
dips in the Fraunhofer pattern much less pronounced.










In this regime, the supercurrent loses all the information on
the flux threading the quantum Hall region because thermal
effects wash out the level discretization of the edge state.
However, the canting angle θ can be readily extracted from
the critical current, since Jc ∝ cos2(θ ). We also note that the
relevant length scale for the suppression of supercurrent is the
perimeter of the sample, as expected for chiral edge mediated
transport [1,12,13].
C. Kitaev spinless limit
When θ = 0, the physics of the device is exclusively deter-
mined by the ψ̂1 fields, and the nanowires behave like Kitaev
p-wave spinless chains. Taking this limit in Eq. (25), we arrive










cos(ϕ) − π2ω̃2m cos(2π̃) + (̃λ





MAJORANA FERMIONS ON THE QUANTUM HALL EDGE PHYSICAL REVIEW RESEARCH 2, 033218 (2020)
FIG. 10. Critical current Jc in the Kitaev model (θ = 0) for ̃ =
1 and 1/2 as a function of the adimensional hopping λ̃. These results
were numerically obtained by maximizing Eq. (29) as a function of ϕ
at zero temperature. The encircled inset is a zoom of the dependence
for λ̃ → 0. The dashed lines were calculated with the respective
approximations given by Eq. (27) when θ = 0. We also show the
complete Fraunhofer patterns, where the color scale indicates the
magnitude of λ̃. We have used the same parameters as in the main
text, mainly δε = 0.03 and R = 1.
An alternative derivation of this expression is discussed in
Appendix B. In Fig. 10 we show the critical current, ob-
tained numerically from Eq. (29) at zero temperature, as a
function of the adimensional hopping amplitude λ̃. The two
curves were calculated for ̃ = 1 and 1/2. The inset shows
the complete Fraunhofer interference patterns, each of them
calculated for different magnitudes of λ̃. Notably, the critical
current saturates for large hopping amplitudes and becomes
independent of the variations of flux in the QH region. This
behavior can be tracked down from the analytical expressions
by realizing that, at zero temperature, the major contribution
to the sum in Eq. (29) comes from the low-frequency range.











cos2(ϕ/2) + π2ω̃2X (̃, λ̃)
(30)
with X (̃, λ̃) = 1 − cos(2π̃) + 2̃λ4 + 4̃λ2. The integration
is straightforward, and we obtain
Jsc(ϕ) = Jc(̃) sin(ϕ/2)sgn(π − ϕ), (31)







Since in this calculations we implicitly assumed a thermody-
namic average, Eq. (31) is 2π -periodic in the phase difference
ϕ instead of 4π -periodic. The fractional Josephson effect
could be recovered by fixing the fermion parity, which would
remove the sign function in the numerator. In any case, the
expression for the critical current remains the same: it presents
maximums whenever there is an integer number of normal
flux quanta in the sample, a condition that makes the discrete
levels of the QH region resonant with the Fermi level.
In the tunneling regime, when λ̃  1, two different trends
seem to appear. In the resonant case (̃ = N with N ∈ Z),
the critical current behaves as JNc  eδε√2h λ̃. On the other
hand, when the flux is detuned from this particular value, it
switches from a linear dependence on the hopping amplitude





[1 − cos(2π̃)]−1/2. These
behaviors are well captured by the full numerical integration
of Eq. (29), as shown in the zoom of Fig. 10, where the dashed
lines are the corresponding analytical expressions. We would
like to emphasize that these linear and quadratic behaviors as
a function of the hopping amplitude in the tunneling regime
are characteristic of Majorana mediated transport through a
resonant and off-resonant level, respectively.
In the opposite limit, when λ̃  1, the dependence on the
magnetic flux threading the QH is completely lost, and the





δε = e vd
2πR
. (33)
In this limit, the device behaves as a completely transparent
long junction. The flux accumulated by an electron flowing
from one lead to another is completely canceled out by the
one of the perfectly Andreev reflected hole. This phenomenon
is responsible for the aforementioned flux independence of the
supercurrent. One can check that in this regime the Andreev
bound states obtained from Eq. (21) disperse linearly with the
phase difference as ωn = ± δε2π (ϕ ± n).
IV. TWO EDGE-CHANNEL TRANSPORT RESULTS
We have so far concentrated on the case in which only
the lowest Landau level was occupied. In this context, a
simple one-dimensional model with electronic and hole chiral
channels is enough to understand the basic physics of our
results. Nonetheless, regimes where more than one Landau
level is implicated are also experimentally accessible and of
physical interest. In this case, the scenario becomes inherently
more involved: each edge state can in principle interfere with
the others in the Andreev reflection processes, all of them
bearing different drift velocities and circulating along distinct
effective perimeters.
In this section, we show how the tight-binding transport
simulations change when the gate voltage in the Hall sample is
chosen to be at Vg = 1.7, keeping all the other parameters the
same. This choice ensures the occupation of two Landau lev-
els in the QH region and already exhibits significant deviations
with respect to our previous results. In Fig. 11 we show the
Fraunhofer interference patterns as a function of the variations
of geometrical flux through the sample δg = δBzAg when
modifying the Zeeman field Bx along the wires.
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FIG. 11. Fraunhofer patterns: We show the critical current pro-
files as a function of the variations of total geometrical flux relative
to the initial flux g. The gate voltage in the Hall sample is chosen
to be Vg = 1.7 so that two Landau levels are occupied. The color
scale indicates the magnitude of the Zeeman field along the wires
normalized to the critical field Bx/Bc. Dashed lines indicate the
Fraunhofer pattern at the topological phase transition Bx = Bc. The
curves are shifted for clarity.
The two sets of discretized levels coming from each edge
channel generate a beating pattern with clearly more than one
frequency involved. In general, the incommensurability of the
spacing between the discrete levels arising from the first and
second edge states and their mutual misalignment generates
critical current profiles without a clear periodicity.
For the sake of completeness, we show in Fig. 12 how the
bound states of the system evolve for different fluxes when
the Zeeman field is Bx = 2Bc. The chosen geometrical fluxes
are marked with symbols in the corresponding Fraunhofer
pattern shown in the lower panel. The presence of additional
subgap states compared to the ones shown in Fig. 4 can be
clearly identified. The dips in the critical current profiles are
still correlated with the discrete levels becoming resonant at
the Fermi level, but a complete understanding of these results
requires a multichannel analytical approach, which is beyond
the scope of the present work.
V. CONCLUSIONS AND FINAL REMARKS
Throughout this work, we have analyzed the transport
and spectral properties of a quantum Hall based junction
with superconducting leads that can be driven throughout a
topological phase transition by tuning an external Zeeman
field Bx. We have particularly focused on the case when only
one Landau level is occupied, so there is a single chiral edge
channel at the Fermi level. When the leads are in the trivial
regime Bx < Bc, we recover some already known results:
the Fraunhofer interference patterns obey a 0-periodicity
FIG. 12. The upper panels show the spectral density AL (ω, ϕ)
in the quantum Hall regime with two occupied Landau levels. The
color scale goes from white (zero) to black (higher value) in arbitrary
units. Each figure is calculated for a different magnetic flux threading
the central region, indicated by a corresponding symbol in the
Fraunhofer pattern shown in the lower panel. The nanowires are in
the topological regime with a magnetic field Bx = 2Bc.
when varying the flux threading the quantum Hall sample,
a product of the existence of chiral edge states bridging the
superconductors. This is manifested as a series of resonances
in the critical current profiles that take place whenever the
discrete levels that stem from the confinement of the edge
channels along the perimeter of the Hall bar become aligned
with the Fermi level. On the other hand, when the leads are in
the topological regime Bx > Bc, the emergence of Majorana
quasiparticles causes significant changes in these Fraunhofer
modulations. The resonances become dips that possess a
magnitude that is strongly dependent on the magnetic field
along the nanowires. These results were understood within
a low-energy spinful model that allowed us to reproduce
both the Andreev bound spectra and the Josephson current
of the junction. The behavior of the spin polarization of the
zero-energy modes at the end sites of the one-dimensional
topological superconductors could be captured with the spin
canting angle θ , which has been shown to be responsible
for the diplike structure in the critical current profiles. We
have also analyzed the θ = 0 limiting case, where the wires
behave as Kitaev p-wave spinless chains. In this regime,
closed analytical expressions for the Fraunhofer interference
patterns could be extracted. We were able to pinpoint the
peculiarities of the Majorana mediated transport by analyzing
the behavior of the critical current both in the tunneling and
the strong-coupling regimes.
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It is worth pointing out that our single-channel results also
apply to the case of a Hall bar made of graphene [4,8,9],
provided only the lowest Landau level is occupied and the
Fermi energy is larger than the superconducting gap so the
Dirac point physics [36] is not involved. We have also checked
that the addition of a small Zeeman term to the Hall bar
Hamiltonian does not affect the Fraunhofer patterns provided
the Landau levels of both spins are occupied and the Zeeman
splitting is much smaller than the level spacing δε, as assumed
throughout the present work. In the case of graphene, this
splitting is of the order of 0.1 meV for magnetic fields of
Bz = 1 T [37], so that for samples with a perimeter of a few
microns the level spacing is large enough.
The measurement of a supercurrent in this hybrid device
should be possible for sufficiently low temperatures. On one
hand, the temperature should be small enough for the single-
particle energy level spacing of the chiral edge modes to be re-
solved, otherwise the supercurrent is exponentially suppressed
and the flux dependence lost [see Eq. (28)]. Simple estimates
for the sample used in Ref. [4] give δε ≈ 0.7 meV = 800 mK,
which is large compared with the temperatures of the order of
40–100 mK that are used in typical transport experiments. On
the other hand, the coherence length must be larger than the
perimeter of the sample. Simple considerations in Ref. [9] lead
to lϕ = h̄vd/2kBT ≈ 12 μm for their graphene sample.
To conclude, we presented a detailed study of the evolution
of the Fraunhofer oscillations in an integer quantum Hall
sample when the superconducting leads are driven across a
topological phase transition. Our results could be of relevance
for the detection of topological superconductivity and the gen-
eral understanding of edge-channel transport of supercurrent
in quantum Hall devices.
ACKNOWLEDGMENTS
We acknowledge financial support from ANPCyT (Grants
No. PICTs 2016-0791 and No. 2018-01509), from CONICET
(Grant No. PIP 11220150100506), and from SeCyT-UNCuyo
(Grant No. 2019 06/C603). G.U. acknowledges support from
the ICTP associateship program and thanks the Simons Foun-
dation. L.P.G. thanks R. Fazio for supporting her stay at the
Condensed Matter Theory Group of the ICTP, and Y. Gefen
for fruitful discussions.
APPENDIX A: CALCULATION OF G(α, α, iωm)







(G(α + ε, α, iωm) + G(α − ε, α, iωm)) . (A1)
The matrices that propagate the Green’s functions for α ∈
(0, π ) and α ∈ (π, 2π ) are, respectively, given by
G(α − ε, α, iωm)α∈(0,π ) = M1(α)G(α + ε, α, iωm)α∈(0,π ),
G(α − ε, α, iωm)α∈(π,2π ) = M2(α)G(α + ε, α, iωm)α∈(π,2π ),
(A2)
where
M1(α) = e−2πω̃mA(α)B(α)M̃0A(π )B(−π )
M̃πA(π − α)B(π − α),
M2(α) = e−2πω̃mA(α − π )B(π − α)M̃πA(π )B(π )
M̃0A(2π − α)B(α − 2π ), (A3)
and
A(x) = eix̃σ0⊗τz , B(x) = e−ix ϕ4π (σ0+σz )⊗τz , (A4)
with ω̃m = ωm/δε. Here, the transfer matrices M̃0 =
M0(iωm, 0) and M̃π = Mπ (iωm) no longer depend on the
superconducting phase difference between the leads ϕ, since it
has been incorporated as a vector potential in the propagators.
On the other hand, for angles belonging to the intervals (0, π )
and (π, 2π ), we can integrate the Dyson equation in α to
obtain the relation
ih̄vd (G(α + ε, α, iωm) − G(α − ε, α, iωm )) = 1, (A5)
where 1 is the 4 × 4 identity matrix. With this information
[Eqs. (A2) and (A5)] we can now write the local Green’s
functions in terms of M1 and M2 as
G(α, α, iωm)α∈(0,π ) = −i
2h̄vd
(1 + M1)(1 − M1)−1,
G(α, α, iωm)α∈(π,2π ) = −i
2h̄vd
(1 + M2)(1 − M2)−1. (A6)
When replacing these expressions in Eq. (24) in the main text,
the supercurrent takes the form




{Tr[(σ0 + σz ) ⊗ τz(1 + M1)(1 − M1)−1]
− Tr[(σ0 + σz ) ⊗ τz(1 + M2)(1 − M2)−1]}, (A7)
where we have used the fact that the traces are independent of
the angle α.
APPENDIX B: KITAEV LIMIT WITHIN A GREEN’S
FUNCTION APPROACH
In this Appendix, we introduce yet another approach for
the derivation of the supercurrent in this quantum Hall device.
Our purpose is to present an alternative description of the
transport properties of the junction within a Green’s function
formalism, instead of the scattering technique used in Sec. III.
We analyze in particular the Kitaev limit—which corresponds
to the limiting case of θ = 0 in the model depicted in Fig. 6—
where the leads are considered as spinless one-dimensional
p-wave superconductors.
The low-energy Hamiltonian describing this setup is given
by












iπnĉn + e−iπnĉ†n ). (B1)
Here, HQH describes the QH central region of spinless
fermions, and γ̂R and γ̂L are Majorana operators acting at the
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edges of the right and left superconducting wires, respectively.
The operator ĉ†n (ĉn) creates (destroys) a particle in an eigen-
state of the uncoupled ring.
The current flowing from the left contact to the QH region













At finite temperature T , these mean values can be written in
terms of the Matsubara Green’s function between the right
Majorana and the nth state, with the fermionic Matsubara
frequency defined as ωm = (2m + 1)πkBT . By means of the
equations of motion, all the one-particle Green’s functions can





sin(ϕ)AJ (iωm, ϕ), (B3)
with
AJ (ω, ϕ) = (t
2/2ω)2G−0π (ω)G+0π (ω)
[1 − D(ω, ϕ)][1 − D0(ω)] . (B4)




[G−00(ω) + G+00(ω)] (B5)
and






× [G−π0(ω) − eiϕG+0π (ω)][G−0π (ω) − e−iϕG+π0(ω)],
(B6)
where G∓αβ (ω) are the electron (−) and hole (+) propagators
of the central QH region. Note the presence of the pair suscep-
tibility of the device G−0π (ω)G+0π (ω) in Eq. (B4), which reveals
the propagation of an electron and a hole from the site located
at angle π to the one at angle 0. The numerator in Eq. (B4)
actually bears a resemblance with the perturbative findings of
Ref. [1], but where the BCS superconductor Green’s func-
tion has been replaced by the Majorana singularity at zero
energy.
For the particular case of the extreme quantum limit, where
only one Landau Level is occupied, these propagators acquire
a simple form. By making use of the Lehmann spectral
representation, the diagonal propagators turn out to be






ω̃ ∓ n ± ̃
= π
δε
cot (π (ω̃ ± ̃)), (B7)
where we made use of the notation of Sec. III by writ-
ing the eigenvalues of the central region as En = δε(n −
̃) and defined ω̃ = ω/δε. The Fermi level has been
taken to be zero for simplicity. Similarly, the nondiagonal
propagators are






ω̃ ∓ n ± ̃
= π
δε
csc (π (ω̃ ± ̃)). (B8)
One can check that these expressions reproduce Eq. (29)
in the main text by replacing Eq. (B4) in Eq. (B3) and taking
t
2 = λ√2πR = δελ̃2π .
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